[GCALW@ 9

-
DTL(UQAJ’)\Q/Q EQLJ{}]\OAY
ahad ropetler tpfamb

grc/maf
- 5 & (et JlM)

¢ SO[MA}Mj ﬁbcmf' Nfubﬁr nyd/éi/ ij

Pobearwn  He Jusd



B ,_JD_]JIP/A_MJ’14MQ,,E‘.gﬁ_m%f'wé. e R e

et } [ —

— u " P(a) u” + C;(z) U= o L) -

P[l) ond 4]/27-__M @m hc,. o cosdain
I 1 julom flf\)_ R copt A, Lu.()i /gm,,ih.{w{q?_ﬁumﬂfmg e

o aﬁ \50[41@\ 73/7)%\;4 Jea o

7 _— A ____p (;L) &41,,,/ q[\/, )__.. oue C?/z/t,zf/[y j,, e &J,,q____p&w{fe L
,,,,, - R —0d- R._.ﬁ s alled M chfcﬁz mm:/ ;_)mlq;;ﬁaj) Jk@w,i,

S — {ﬁ,f ]( {Q/LQA///)J/-—Q (_,ez’ L (;},h'h\ S — .

,,,,__,,,e_VU\Q by /’L{,Z/ J Do (j,hw A AL CJX)LEQ)’) _ J:‘Lu\) L%d -
) m@c@u%&m{' 20 /aw; e !) in he MJfA biss et (/ _
e ,9{0{1///0/4{1, L);/lﬂ) ne_§ M&VQ f,«,aiﬂ,é/ e S

S — . hL VLQ,]]OZL Lu.\:_(u& % I, NS S

R ._..,ﬁ,u( Zb AA LA £J7)[ U J}f 2t (cv__/]dz.«({—;__.tj /)(5/ (g;g_._,.i
g ) Mo ko okt catle A Y
I ub« : r}quj{ ..... | ) ﬁu ﬂ J 0 / J/'?ﬁéfl: —
e _._.___h_]),D.. il R _ (/ e

N &J 2 L’..j' oL F ,,,j //jf)u [,1. Pb)n}.),,z B R f,rtl;d___..v,,,c‘x _ﬁeé}—v/, e
X ,;L, O ,3/\ .ﬂf LA (L\; ___d');,')\i J\ ) F__.,,i, _________ R - [

Z ) P( z ) - 44@9 : 7,, m__..c/’La __%ﬁjj 4 && / Ro
Za) 7 / L / — -.__ﬁlw‘?%g__ S N S

- E Ly ?’)V“’L’ 2 vy’r—aLa - raby>. L / st e r ﬁfzé é/ - uymc/
)’me_l:.wi | dn calle 1 ff£f7LaC¢/ ~Dtnpeels i f I vk

_ _ S P ;g\pmum HLJ/I/L,; S / 7. / e }’La/f; 4 éd:,[/.., (/ . N

_ ;ﬂep Al ) u}« wdo (yQuu, L_. Ale 5 atwi. I




_ U (1) 2__ Co (Z-%) ‘ o

T gedn da srepal parab EM oeiwk

- Pivia L( 7_1 ‘ V- S 1,,,(4,4 u/ E R J 1S — R

o XU [«Q,:’V«,L &xﬁ/ Llﬂ/j/qumc? C{Bmf
S _ _.__ M ......

R L@J 'y Pl ' c//g) o o
Cwh e —

S A2 )= u 1= b S

- D.e,}m. ";u._f-;

_ u‘(f’___g fr)e€ ‘:T’*?'"5 fjf ’f:_f_f:f [

Y § A PP
7— S U’_’_.__L_Pu {[_4[1{ = ,,__H f/- f/) Fa _[}; 4 }p/J/rﬂ [/; } C[f,#_;\,




DéL)(\L« e %q Qe f» éi’”ﬁ.ﬂﬂwfj e

o ______-_)Cﬂ(gi_]____f_',_'f%(z__)__fn s O el

oy ‘ ) _Jro N Cﬂkﬂw

- f /ﬁl_-_@ %UWM,QZL - 2_ {V}

(,m/w/af t«//% to ~ B

“"""'m(m; %J ___,-;, Shlvea

N We D&
o m )= 7 JM ]
__ . W=y _ —— _
P (7 ) -7 [w -7k, )
ks ko el dE
- - jn” EN S (‘L 2] {)4 “ )( {L) A % - ,_ﬂ l;é G

PR ;"'gz;zg_{__ j -t )f @

e - S T Y N

- [z ‘_H«mu) Jz)

:Z& B 3 Ze

4 f’z f2) ! ;,,,(21/?

%c,

=S ) (} k] 'n &(7')( ”’]‘-‘“12{

I (2" (\



- A,.,_____;'f)wv.vcz,_7.-~* S ( 2, ‘E{) %{’6’ f (2] v/l

e _ . S

]2~ |

T o] e W] e B R

7N

I fpemine .  lntpermedor e ) Lels o

1

_'_)__‘_[14_..(u_u]___s*J_!_ J2 Tha )/(?Wy[, I [t h |

o Vi i

—_—. — [ &

l f 01 >I )mé Tdmaex [ L vjnmiﬁi,l)zf:zaf';/é/

" A
WXL,“MR/“' Tl "f LU= At

;;) et

4 Vmes b mH S leed .,

. . g
ity [t f '1*-’&3'

1C | ¢ Tih] =lmahle . o

lMcxgle /Z,; o

[ EJM\ < fﬂfcx [1 I £e.. . .

LAvl) )[ YRS ?, ___5‘..4‘7\,1}(‘&3’,!{1‘/4? . . o

S e |
_hewe f, = 7 [ sleeq (L) f [5/ 2 L

g =a, fle)=b o dlteda)b

[/& L f (Zm ' {/{ %(} . {ufu) - L
u’(u;.z = “(1.) { apli)=2



. Styeulﬂ ANl q a_Q, ,. , e

_ Le{ Lo ,*( ] f _5[ ol e paue DE
o L torhl BCs.

e e e ¢ e 8 e i { —— R - - . - - ) - — : - -
L LOZ / ’g’,(,a,),ég)__;i_é;),,,,, () =2 ) n3, // Y ERe, e

o Wanea, o wMianes

2 lyp Sﬁigéoé\_-\ S 7 Nt SR ,,(,,{,.A-,i/ﬁ.a‘éﬁQ% . | o

U 2w 2= | o o

,_ - i ' B J - _,_/_ e
= _,_f_.-.,f,,,‘,,,/,!/\ Lot Orels ,1,<,( 7= /Qa,wf.-'f- . T4 w’?f‘“%‘ﬁ ﬁzf_f
ST K W,.2° S =Y.,  ME— : —

pa—_

_ ) [_ (ntl ) LA H} C”'H ' z/A Coy } AT __.__,_,,,_._.______Wf,.._____

S P 4-/"2 IR _ (:,'1.

S ,,(_”}_il_),,( Fyral ) . - . . . _ .

_Sdmchng he o tue . Lhat e A _ .
S h  ad fad tw vt Geas _

e Z >

u (= _2 (;(,,1__'_31 ,,,,,,,, S R

.................... ju’ﬁ/fgq Q«_LL, (—( Lz é‘w (. . —

A () =4 N.,sz_ i 2 - B

R ¥ A S ,LL&,;M L AN=AN T U e A g
NS AN Uy an e e

MLLK/?J(_ & ﬁ&_ A/E/ld{é( /ﬁd(tyﬂ,«




L Examples e 2eu AU o B _

R /AT VR L&@;“%',ﬁ o
I [ oht _dt ]

~ e a i -
e W R A o x’()fuLLw 1)7//!f AL :/h(«; Zn o
».7d
A Y I R R L AN B
viz 1.

7\11 = U i

Lo, Cy_pere. .____azb.e/fzﬂ____,i, Even sole Wyws i -

. ) R C_ L . - 2 />\ f R ,.s._.__T/X,WC,o_.___.. ) | . e .

Cg= K _(E”___W J o f\ [ (- R L
. L! L!‘ ’% “ »
7 (Y w?\l . /) z (1 2 [Y-"N/]

S S S S T ST I TR

T N S U B R s

T:_Q_(/'{“J o Zu!j)ﬂ- 3 _— ,__ o




. 7 ( ,
R (.f} e e (_{ . _. e [ i
3 R . -7 o i
T T2l A “”"/b -
g ) (o) A T

e C,:L,/l L [ ml-—, . C)_{i S,
- s — — — (]i/} F1) S— e
_ e - - - R

_ S iy N - N

_ Ui d= L G T o ]

L o n-o o e I
) T gead  solhe Al U dde.
) ( f)\,,__M_&f/r /'Jll@‘rﬁ!@/\ o .

: ] //\ g 6\/8/\ A L@p@_ (;l ) betren _a ﬁoffjwf/u?f B
e (Qoﬂ /ﬁ A fﬁ/ L [ I e
) | Tinm ol //am_fu_éq [)alywmg& we ((Jﬂs/gﬂm /V/ /LQ L

o SE “"LAJA " 0/ Jur fLM i Yool 7ﬁJ/z>(;/Jﬂ/|___ o e




o] a

/)L a ﬁ___AuJ)héo Jooed

B _ 7;&2 Efu,@ J 5. )/176{1/& }JL} 2.

dv

R DT 0 (;j"_;é Ay W) "f__:_ )

; ,,,,Wé O MLy rﬁ/m,}[ _ f&*/(ig //()Mjﬂ / ' _ Qe 0/05/}247
q
2o P —luhicde aa J“efd Lar fz}fa[a/__._k_, —

6(,/ (L) eX 20t

""Li;;m»z e 0

7l

Megay fhel K/Ze Axfwﬁ e

Led fut //7 S

T NTEN) f)m A=) }"__Q(-,z”/____.‘,,,,

/

Z by (2 220" fm

/4,(_4,__/—« 7 4, 1220 . Bl
N -
- twhee {204 f?/te (et //Zwm O
) ) L -
a, __.,f (—AaTdt /Jgn i “3 E
) ) P U LY SN TEE D LA
,,,,, ! S— . - ,,/;; _!:'] ,,]:t,, L.— 4 ‘,,ﬁ,..._.éd___{(u.»;&ﬂ _.Q._{,,Cé;égrnﬁ,,f[g____h,,,,,,,‘__ e
R by hetr . ] Al SO wteding  Fo e
T MLm W Vj’ /L) /h‘y{ o S© /J/’i\)ft V/} /f’ ] A 4’}\,0 IQJKM___,ﬁ,.___.__
- e O! L. ;Sx(ﬂ{/ 2A _ _ I -

— A,!(_vl_J:( ?:;?, 5)f_ch [ & ZO ) ,,,,,,,, .

é)

_ ] Lulfl el }/\ Lt J___C/r / mz0, f/ ) /&@__/Q;!}_??ﬂ g {[ iﬂ_
Vgé/&f vid VUL& . /ﬂf(/);ﬁ]; (5 / pesnd C) / ] @ .L.L!_(Ziéj/&ﬁi,,,_._..,.,,,,,gN_. —
¢




,,,,', [ e e 7”7(, - f\k .f7 , SR S — - ——

] 7 AEEN L
- [ S — S ﬂ et S

LCA [ ”7 / e } ( f W,
L - —ma .,____.__.,,,,,7,,,.,.._...._._..‘_/),9,/7‘,U

o . f,g Co (2] =D o

) . .. ' e
. (1""‘

1 o R

ffﬁ'"f"fffff_ﬁf__ﬁ_* \_ 4 . b,,, M* ] Y‘ 1) —s (o)

e C0 0 o ) .
[ -1

e ar) 1T Co ] 00 0] 50 g

YHo - .
e — ( o tursia el b ay. D I

Whal,_qc___m_,____/ba_,Cr’l'!-__.é__l_::‘_(!’f,_.:‘_!i____!_[ adi-t ) 4 as (a1 I8, @

1o _solwe  Egq. ((}/ e LMNG /b,, ___@f&éﬂu-l& wall Cyls "
o L//17 Al fa (/ u For > e L evk, -

 szo0 Co Do lr) =0 Ll tO arb{_-l:m@; _@

i((h\({ N 4 (_,dﬂ,m[w« M o




Do nclicl Cguetlion_ale. /M//vrém).’ ,,,,,,,,,,,, o
Wr_ STt

et

o H’LQ, fLib/Q j
1/.? ﬂ{’ N ({,/ic)/l (77 (//

 Redf)v, P@ )

~ Kolr.) 77’;’ [/,,,,,é?o ) v fj__

— ;rlwefr] Q..
—fl ff-?7z {1=

<)

Q _____ o

@_*._’_

I

e

Jorag o

7~
{

RS Y A
S .SLD/ZALAA_M 7£ /—/ -J/ff,é?/(é/_ ‘rﬂff:&&(}ﬂ(_/iw@«

sl L o Y Eﬁf{-/?;/ﬂ{,, -

Sl S

P\fo.) f ()

T _pove @ .

Aeas

N

(f Lt/u; LZand }

A B }/Mm%

7{77 ,:‘/LM ﬂ@f ),,,ﬁ )UJ[I DA j&[a oA »‘df [‘( L1 }ﬁ
Ma/{__{,zyjz.ehm I _ B

Veaidheg o

w/ (f}

-

a[aé; Q2 (@J

),mm ok o Juah._.. -
(_76_4,, ‘/.1./:../,4?/,(:4 o

e é R S
“bag ] —Deusee— f o tpecl - _.f.Zg:,(q__ )z Kefl)

l/Lq ﬂﬂ b} e e

fas

SO _CurhddAnd 4(?mf
22w

ﬂ (/zfr/

T W [C .

=




N Al cus Bl)

of g fededagff i ea L

| ‘-_ a3 _A If}) : h{,-;.._: 2 (/7/#' . —
- - s El M N ! Sy | {

s <A ar lgusf <A hezeD)

I - ___1 ,_‘S ‘ h_/ﬁiiv /—éxr—/, < /J;_C i -

.

R g J 6{2 -y o

- e @ Nyl da] = (Af\) o | (GHO0 1)y later ) H e
 —— SSRN SN WANEY B B 7 N o RN _
e e —
7 ) on (/“f. i ) u, A } _
- — )

. - i o _
foin- ) W 4Hnc Fa,n en . B
S S 8
] N _ o - cun Al - ..i_};ﬁa,_}___ﬁf,,.,‘__,f,u.____,w_.__ﬁ
,,_ S - _ ) w}-,,ﬂ__[_7,[,,_:__[;!;,:;2;_1 P —
e I
__________ B ‘ ) /—
o ; — " | ; !
_ , =D /\5 (r Lj,m_]_ I D ’2? S
b o o o
e /J - { ’fﬂ____ _— N R
e g -
:;:a; /,\Yi£f 1a . _ o
et . o
S ¥¥] 1{ ’f ! / l 4 A [

PR AN Gl § -
_ »/l‘:i nt (% At o L B -

S w.__.wp: o _ﬁ”éfr‘l’lﬂ,‘"__'i ,,,,,

}f"td...-._[zi»é}'/ e B

A SR e _
B r’ ¥ sZc-‘f
- ! Viga bon
il

el S0 5 pam P2 B




- . | < o ,_/_fjff__/_ o )/\/ ol A4, 14 o |
77777 e R o

ot llm Shvo Al e

e e e e i i g e /____, e —— R

(AL fda o N _wn ,ﬁ,_\__/ e

L a_,ﬁ_dgz{,(__«_j L aj/gmcﬂ —— -




(‘:Z:/(]

nIQ I

e i L _
Q= R nz
( e 4n-1 ) {1 (rinl - 1) o C
| R 17—

I _
T qatein)rin) 27T
0 - I
= 20, (cta) (ria-1) 2] B Gnlcdn) 2 .
I y Tant g leat’ eo
- 20yt ) ot +o
R - R A T 10 ) B G2 AN A
— ;{ = 2 e B -
. | cea e T T o -
7 T T ﬂf’!;l—:;'\"’f*"“ -




R B AT 2 i
e /{'{ (1 }«.. i ,/ ’ [ ’/ ’1'3447' R e ~ j
. o [ ) _Z 13 5 Jteas) Yar 1———-- o

.  vahe  lesd l‘)"‘” } e i< |
o = - eA {€a I
) L LoV -’v}/{l___. /b:é-L(f -




%’f’) Vv G A L
Al
6)%/‘ A f(/, d¢a/ J//? c’{[f 00 17 F s @
J /

Wit W 160 Dw‘fa/ C/‘—/lM

- ey

1. -1~ Nol ¢ /7;1@/@
F o (/ l e (f/”\—Q N O)“Z’/r’lc'{é‘ !“C"( /) e (éf,g[//—(/_

ﬂ‘ r,-*"r/‘L:: i/?[éf&f(?é )

C’() Ke( cursion Y‘éi,['/(/’)lm IS éc‘?/zsf.f‘jefy&. o

L ) ﬁ ecctesion ¥ E*/[é z‘ﬂu S vioh ZPMI/‘JZ&‘J :

4L, (»z)mcu () Int + (2= )(n»L Enin )2-2]

ceaattar +{za) [ 117 st 4)/

¢, :6'[ [(/‘f)C (,«)J T
. s .
red
— )
-!-}—-‘- '/\/ - /\2,
r, & u, x|

ditel= e g cin) TGt ear
=l

( . ,
kﬁn Lrl ) = -(:‘{,Cﬂ (f)

g/z” = '




Examples

o e el

()
25 (1rg) W (312) wtzus ©

P }/)M{' //’L»é %{7%[&4?“ .S/'\/?{f)h{/£,ﬁ /70/)/{ Z-:T'“"‘ /

GPN:

P[g‘}: 3
RT(112)

I ( 112]P1e] = = | = (ta
Z--1
¢

f/{-.z ):: e
dL(A4E)

2
i 412*) () =~ Q = by = O
T |

inedical equahs
f(/"/) la, "+ = O

V'[(\’fj»!/‘ = QO V‘[-i"‘-Z)::C?

Y‘l::‘z/ l/\l::J}

5 1 éerr ﬂﬁ, fﬂ.{j’d[(:’ Ls'/ﬂfw'[é/ /j,;?;/[{. Z_.:; \
IJIM ] = 3/1 =L
D

e b qeels 0 = b
AL

clr-i)t 3 = O r,=0, G-l

&



B _@ B AW M-S T o L e

B N S f— 2 ( Z ;/] ] r;l 7-— Z /jw N

1’1_.19 I , Hff‘ R Fg}/ B (m/]J/m

N -

e e o IR fw)(i C?(Co// (o)

AL 1,1) Q.1 i FEN B y R

\'/‘

_, , 7, C%J/’ ) vy ~p\)C/ R
O~ = S

@mumﬂ Cogpy et 2=0 014 ML S
I — e i by o @7, L

R/ 4 _'2__,_ Cy = Ko____‘,____”

. o Co ’ P .
- C’, 2 (e — m,,:’,,._.’l___._im Q:Q_,f_




______ A1) U %,,),_u_fi,za__:l_ Q=D . e
el }D A% ) e e ( ) e e
—_ _ N — { {’) — .
- 2 pl]-- 2 ( T Q= -1
- R
—— - B - (L — e ,,/, [ . Y — N _
_______ Y. U F ) ER—————" ( -~ 7 ‘/ / b= @)
BRI L
S —— . o - - )
- ARG R A X SNl Vol ) _
Y\i ._ZZ_..__K?) y _I_/,‘L,,;: C‘? 4 e o
) =% Lol () 7 ettt o
________ - TR P
—_— - - - - i - — [ . ___’}) T
B 2 (-2 ) L (i) (0 'f'f..:__‘__)__ﬁw \_% A U"’/} C, 2 I o
) 17 ] tn t T ;57 - -
I (e tase )2 lan Jle, 7 _’”” [z (nin)ima)
. . o 27 =
} (./M ( Mm)m 2y L2t ) ) 2 e
_ '{; (- S)fuf iﬂZ"‘ () (nlis)Cy f”” ) - .
) Nel=m (=5 o
| T oo G Onae) b (7t} ] 2 o
o o S I
. g Lang ) (o] s (0350 0) ca s Laiag K
_ C . JoL = ( e R ,[:M kﬁg Y17y e —
______ R B . | .
_ vl = atlddpix s 118 T



| , | 19
;}:‘({j Mﬂd_ff j i LU/ } 2 L e )’Zlﬁi _ S V'\{::_f £.{,ﬁ‘§/‘ Py }Af/}a;//{“” {)’z.‘?'m/fi _j) @)

T ; ‘ ~
A pr) u' b gr)eso Wl T O SN A .

Peorsy /~-~{v({w I H Léf,f.&“ /}2\4\4

A= N
Ay (2 )= € A1) lop (227 ) [2-2,)" LG le %)

{,QLu_@. ( an A &;\,{,Af L. £ el L/ / 2 ) Confet 2t

)'u 4 )/LQ ) L?-/‘{rfwzb %&)3 /\4 Ve £ f

D (o Q oy A L) e Jre Oolil. () Wi k.,

Vo f’ﬁx . I ALJZM'
SR
titig)

g Pu‘},;ﬁ.;(;.«. a, [u.(‘a[z-"a\) + f{&— }

[

\r e -G
¢ = (1) €
" ..

?Q;N\:t (1_1¢) /?QL ) l\
[algh L (B e g

A4y 7 N
| ) {\\ I"ﬂ{_ = I =Ly

' 5 [
-:; K,ﬁ_g_{éﬂ L} H{‘b)/
J )



I . :
fjé 2{0;0}&?/(3".-20-*) Fo.- 7LQ/N [Z,__TZO)N ]( . \\

P

5 ( 4_%{» a’iZ( ] \>
o
/. “:fjifm,, ;
- M}U }}/}(1“19 ) 1 (Jll) /} -l (é -

H o



1 T eobearer Mk ot
{w ; {4 ZL;‘{/% \f/\: {:; o / \‘/) (_j

2 /J) I / | r:::f/; / i{/) {j/]//’e’/ / (e " / J

5 Paof of FH
(/

i) = (e 2 G (e

Co(r ) ond Crin 0 '/il?af/iu/ foow Tle
gy S 77 »

s : .
(Ceopsmtr  Tele A
W) bt

s

p /;‘-{;. > //ZMQ Ll S f’x’{‘// .



avy s Lo ,;:/

; "\{ i ‘/}/}L f 4

”fi/['f/f‘“ ;\;U //’“‘f! /J {'K- )

o
(/,/ jj’u‘/

Al S Caision

/2“ e / '2-5_ pAY Py \/}

(;;;’) i ;) z’i/ S /Z;,/ ¢ NI / A

o

il (’i . /: .

ST (i/{’/j,gf f‘{/j L4 -“'3.413 BN

/ }j'" L a R
& ) 7 / a7 /g\ F e it

Lo

[ s

i PR
i.é_’}}’? s ;4} C[,/{A

YR [on.. Chlte)
72, £ 7 l{ !; /é/f{'{

2 ]

Jé ,,{f . ’/zl .

// > o ¢ W / 7,
/5/ (L /’ yedad o

§ ;
fr 1

Aol
/2' L

ey

Cag. U //;(é‘/ Ja e
{ AT S

S/l

/"f:/ a}av‘wJ (i /?/



j rl
4
LT ‘ o
, ) e

o 2,0
Y Ui re



&
i g

A = (2~ ‘}Y& ZM Calr) (E-b ?V}

' o~ N N
Coor ) UUpl = (-2 )0 2 bt o) ()



(/%va)rZL(ﬂﬁ)%[%aﬂ
'”"d” [/ (-L)éi,,{ff) }VECE)J &b ) :

R
_?L /8_ %b-)‘m Z_, J; /V\VE/‘L)CM‘, ‘) /{ b’g)

ey
o
S Lluds () [t/ G
17‘) ]{ {\I“ (o
) M ?{r" wsary ") (=0
L //Ef )vc
o o /2
(A = fjﬁ [/8 ?1, L Cale) (3-0)

A N

o
: v, )T Bl
d et Fole-t) L B



E’Xé’:m{yﬁﬁ 3 ui(wu =0 G = by =2

Ly .
vifrm

Ul%{ WZ, Cniv] 2

7 Z
T ("1 + ¢ ) L i ) & {r ) '
vize

r-|

() Geelt 4 |

- N

tj: U Ak ) [ ke ) Coayy »»C,/fj &

N>o

Cméf’

Cﬂ,}l L/’):: .
(V’l b bt ) (N ).

C - Co
) ‘(r”‘h} e

f Co
C 2 e
L (/f‘ {-Lj(f”%j} (,/*;,// ,m

o

/H/"

nit S )t

= O

(/\ vy



(v l&.é,,\ oo
Lo
T
|- 1
i s
C, »
& 1

S upls 2 L -2
o3 t oo 1 ()1
T T AN LN
T ( r O
CLI Eo e 2 -
N
VVVVVVVVVV (kiw) &7 | n (ﬂH\CnH = Ch
f hzo 0z GP 12 (/af\j:j'

Cﬂn (fﬂ} = - » z
(F}ﬁ) [(i”“}/]«f) e (r"A//U 2

‘{?i}f (/‘«ﬁ_ 60 é{{,ﬁ =) 2D

of “
| iag gr Catel = bm T -T;ZJTM e

Yﬂnﬁ)-‘.}. 2 AT

\G)f { ....... - - ij’ (rin} - T luf (ran—}) ~ -—=1 Iof (ri1]]
(ﬁﬂ}( " | l )

| | T )/
- .ﬁ{,‘lﬁ%m“mwf“,’; ““Ti} o bt ) (rin) [ Ir / |



y
)
Lwl [ C ! f 7. [
f.-{ J&& ~ Cal = “—Wz‘:‘ - / - T Py } : {
O( o
ro
J [ L] e /
%&(‘CW) w"(wl/i}ww{} »[ ( 4>r"aﬂ

n J
i L
Q(rpl"“ S
o °
. ro, L
N l) I(UZL/ :wﬂ+7/;:(}_ +4

5 dllpls Cdol bfr e £d”'m‘
» (2] u?m/
C U (g}laf%mf”w( V,i[/r//'
v

7

)



Il RURE R
ﬁt’;( / | !43.': O \AC(‘//)/:’
Y‘I":fb =0
wols T caul2™
YLt ] ‘
| rH/;/'
A (VH-r)LJHf‘»{f C,0) 2 G T i) G 1
1 2; Catc) iﬂ{/f‘g“}
e |
e
’Z L(/Vl%r) [nr-1) C"”") JCa ¢
] 7: Co ) ZZMFH =
S IR ATTL S
K12s " "

T ; wjz”'"
¥ E.LD 4 (] C, + 2[@”“) Caset 7 |

el ’ | c
C;*:J/ ) Chye= = 1‘”
(m A it JL‘



A

¢

gut
C‘Z,/H’( = J
C _ C?_Vl hoo
antt ('z,m yrde )t
Co
C, = - : ,
- (rH-)/L’ O
( DS
2 - —_
C(l e M.,Mi:_z:‘_m s . * Zﬁ‘ﬂ(n()b
( rdg)t (riglrid
g ( Co | |
? . » ) T Lal
Coaz 1 [(P.—# An ) Cf"f'zm?;)*"'[’"”U
' Con = = Latrnal-
. r | [ J
T o, —
Eif, Cen = Ce,/n [ ~FLA e
AT
p)l o Cz,.q L())" ,L (_,(?L//)
-
7 Lo
-t [“" ) e UZL)\\
B 20 (o)
W)
i (ﬁr.)ﬂ ({ [ );C,% ¢
Gl il lnt (ni)*
N 1 (
B (-w() (X/’L‘_) -— 3’” (%) fé@/ﬂﬁé)J
P — = Jo |
AL (b (nt) EGuahi
;J-{ C?/b&/‘« <



SET 6

MATH 543: FROBENIUS METHOD

References: Hildebrand and Sadri Hassan.

The following theorem summarizes the Frobenius method: {Proved in Class

please see your lecture notes and also DK)

Theorem 1. Suppose that the differentiol equation Lu = 0, where Lisa
second order differential operator, has a regular singular point at 2 = 2o with
the roots v, and ro of the indical equation. There are three possible cases:
(Assuming Re(ri) > Re(rz))

1.71 —rq # an integer

2.7, — 12 = N (a non-negative integer) and recursion relation s consistent

3.r1—ry = N {a non-negative integer) and recursion relation is not consistent.

Then, in the first two cases, there exists a bases of {uy,uz} of solutions of
Lu = 0. These solutions are of the form

w(®) = (o n) gc;(z—zo)k, 1)
wlz) = (z—zorﬁkfjc’f(z#zo)k )

and the third case , the bases {u1,us} is of the following form

w(z) = (2 —2)" i: C (2 — za)", (3)

up(z) = Cui(z) In{z — 20) + (2 — 20)" i Bu{z — z)* (4)
k=1

where the power series about (z — zp) are convergent in a neighborhood of

zZ—=Zn



A method when ry —rg =N
Let z = # be a regular singular point of differential equation

Lu=u" 4+ p(z)u +q¢{zju =0, (5)
where
A(2) = (2 = 20)p(z),  Blz) = (2= 20)" al2) (6)
are analytic in a neighborhood D of z = zp hence A(z) and B(z) are analytic
in D then

o0

Z (z — 2005, B(z)zibk(z—zg)k, (7)

Using the anzats
u(z) = (z—2)" Y Cr(z— z0)F, (8)
k=0

in the DE we get

n—1

A{n+7)Cn + > Hm+r)an—m+ bp—m) Cms (9)

m=0

This is the recursion relations mentioned in the above theorem 1. Here
Xo(r) =r(r — 1) +rap+bo (10)
If the indical equation is not imposed Ao{r) # 0 and the remaining
Cy{r), Ca(r), -+, Calr) (11)

are determined through the recursion relation. Since n = 0 term is not set

to zero then the differential equation is not satisfied but becomes
Lu = Cg Mo(r) (2 — 2)" ™ (12)

where ¢ is the undetermined constant. The sohution of this equation is

w(r,z) = (2 — 20)" Ii Ci(7) (2 — 20)F, (13}



In the case 3 , when the difference of the indices is a nonegative number and
recursion relations arve inconsistent the the usual anzats fails. To find the

correct anzats and a method of solution we use (12) and (13).
ry = Iz case
Eq.(12) becomes
Lu= C[) (T - 7‘1)2 (Z - Zo)er, (14)

Taking the derivative of both sides wrt 7 and letting r = 71 we obtain the

second solution as

du(r, z)
dr l)‘:r'11 (15)

Using the form of u(r, z) given in (13) we obtain

ug(2) =

we(z) = ui(2) In(z — Z0) + (2 — 20)™ § Ci{r)(z - z)F {16)

where C4(r) = & Cp(r) lr=n

ri —re = N a positive integer case
Eq.(12) becomes

Lu = Colr —r1)(r — 12) (2 — z) 2 (17)

Multiplying both sides by r — 72 and taking derivatives of both sides wrt r

and taking limit as r goes to rz we obtain

wn(2) = % (= 7o) ulr, 2)] atr =7 (18)

Using the expression (13) for u(r, z) we obtain

up(2) = Cua(z) In{z — z0) + (2 — z0)" é Ci (z — 20)* (19)



where
~ d

Cy = dr I(T — 1) Ci(1)] Ir ra
Problems

1. An example for the case ry — ry = N with consistent recursion relations.
Solve 22" + (2% + z)u’ — u = 0 about z = 0 (solved in Class)

2. An example for the case r; = ry with inconsistent recursion relations.
Solve 224" + zu’ + 2%u = 0 about z = 0. You can find the solution u; by
using the recursion relations. This solution is known as the Bessel function

of order 0,

IR G Yl 7
ur{z) = Jo(z) = E} (k1)

The second solution us(z) is found by using (16). Prove that it takes the

form )
us(z) = Jo{z) Inz + Z o(k) (z(i'z))
where
AR zm 1;, fOI‘}ij:]_,2,...
o= { 0, for (k = 0) (20)

3. An example for the case 11 —re = N with inconsistent recursion relations.
Solve zu" — u = 0 about z = 0. Again u;(z) will be found by the standard

method
St

Z kN + kil + 1)
And the second solution is found by using the formuia {19)

& k) +olk—1) 4
El k-1

uy(2) =

up{z) =y Inz +1—

4. Find the solutions of the Bessel's equation 2°u” + zu’ + (2* — p*)u = 0.

Solutions of this equation are known as the Bessel’s functions of order p.

Solve this equation for p = not integer and for p = integer.

4



5. Show that for the differential equation zu" + 3u + dzu = 0 the condi-
tion u{0) = 1 determines a unique solution, and that %/(0) cannot also be
prescribed. Determine this solution.

6. Use the method of Frobenius to obtain the general solution of each of the

following differential equations, valid near z = O

(1) 22" — 220/ + (2 — 2" Ju=0

(2) (z-u" — 2 +u=0

(3) 20" + (1 — 2200 —u=0

(4) 220" 2 + (22~ Pu=0

(5) zu" — ' +42°u=0

(6) zu" +2u' +2u=0

(7} 2(1 - 2" — 20’ =2+ 2u=0

7. Deterntine the two values of the constant « for which it is true that all
solutions of the equation zu” + (z — 1)u' — au =0 are regular at z =0, and
obtain the general solution in each of these cases

8. {a) Show that the pquation zu” + o — u = (0 possesses equal indices
rm=rg=0atz=0

(b} Obtain the regular solution %y (z)

(c) Assume the second solution of the form un(z) = Cuy(2) Inz +v(2z) where
C + 0. Find v(2).

9. (a) Show that the equation 20" — 2 — w = 0 possesses indices 7 =
1,79 =0at z=0

{b) Obtain the regular solution uy(2)

(c) Assume the general form for the second solution as ug(z) = Cus In 2-+v(2),
where C' # 0. Find v(z).
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SET 7

MATH 543: FUCHSIAN DIFFERENTIAL EQUATIONS
HYPERGEOMETRIC FUNCTION

References: DK and Sadri Hassan.

Historical Notes: Please read the book Linear Differential Fquations and
the Group Theory by Jeremy J. Gray, Birkhouser, 2000 for the contributions
of Euler, Pfaff , Gauss, Riemann, Kumimer, Jacobi and others on the

P gsymboll and on the Hypergeometric equation and hyoergeometric function.

Definition 1. Linear ordinary differential equations having only regular

singular points are called Fuchsian Differential Equations (FDE).

FDE with two regular singular points
Definition 2. (Regular singular point at o0). If the transformed DE by
z = % has regular singular point at £ =0 then the original DE has a regular

singular point (in the extended complex plane} at z = co.

Proposition 1. Second order FDE having only two singular points is equin-
alent to a DE with constant coefficients, hence solvable in terms of the ele-

mentary functions sin z ,cos z and polynomial in z.

FDE with three regular singular points: The Riemann equation
and Riemann P Symbol.
Riemann has put a second order linear FDE with three regular singular points

z= 2, 2 = 23 and z = z3 info the form

u + (1 +C¥+C\‘11+ﬂ+ﬂ’ 4 1 +’Y+"f’) + ((Z} - 22)(21 - 253)&'0"+
zZ—% Z— 29 z— Z3 zZ— 21
(22— 2)(z2 — 2)PB" | (5 — 21)(2 — Zl)’}"YI) w 0, (1)
z— 2 z— 23 (z— )z — z)(z— =)



where a, o, 8,3, 7,7 are constant satisfying the constraint
ato v+ +y+y =1

The solution of (1) is denoted as the Riemann P-symbol

Z1 %3 23
wzy=P a B v 2 (2}
ai’ ﬁi ,YI
The columns in the P symbol indicate the location of the regular singular

points and the corresponding roots of the indical equation, t.e.,

1. z=2,r =aand rp = o
2 z=2,1m=Fand rs=/f".
3. 2=z, 1 =vaud ra =7

One can reduce the 9 number of parameters in the Riemann equation {or in
the Riemann P symbol) into three parameters by using the following type of

transformation

() w(z) = (z —a) (z — 22)° (2 - m)tv(z), r+stt=0

(ii) The Mobius transformation: z' = %}2%2—:—%

we obtain first (from (i) above)

Z1 %3 Z3 o 21 Z9 Z3
z—2\* f2—%
PSa B v =z =( 1) ( 3) PCo a 0 z
Z— Z9 Z— Z9
o B A l—c b c—a-b

and the using (i) we obtain

Zy %2 %3 y 0 oo 1
z—z\* -
Peao ff v z = ( 1) (z z3) PO a 0 2!
Z— Za z— %
o F o+ l—¢c b ec—a—0b

(4)



where

;o (Z—Zl)(z3*‘272)
(z — )z — &)’
b = atf+y, c=lta—d ©)

z a=a+0+7, (5)

The P symboll in the right hand side of (4) is the hypergeomtric function,
F(a,b;¢; 2)

0 oo 1
Fla,bje;z)=P < 0 a 0 z (7)
l—-¢ b c—a—b
Problems
1. Prove that the hypergeometric function defined above (7) satisfies the
differential equation (hypergecometric DIE)

2l—=2)u" te—(1+atb)z)u —abu=0 (8)

2. Find (Kummer) transformations leaving the Relemann equation form
invariant.
3. Prove that

& ap b, 2"
P=2 =
where
I'a + n) I'(b + n) T(c+n)
nT T [y e bnmﬂ; n = T 7 <1
= o) NI VR

4. Prove the following Proposition.

Proposition 2. Solutions of the hypergeometric function bout its reqular
singular points z =0, 2 = co and z = 1, provided 1 —¢, b—a, andc—a—"0
are not integers, are respectively given by



uw(z) = AiFla,bjc;z) + Bz “Flb—c+1l,a—c+1;2—c2), (9)
1
ufz} = Azz—aF(a,a—ch1;aub+1;;)+32zw

1
F{bb—c+1;b—a+ 1;;), (10)
u(z) = AsFlabja+b+1—cl—2)+ B2 " Flc—bc—a;
1+ec—a—bl—2z), (11)

where A;, By, (i = 1,2, 3) are arbitrary constants.

5. Find the solutions (10) and (11} about the regular singular points z = oo
and z = 1 by the use of Kummer’s transformations mentioned in the Pr.2.
6. Prove the following: The Jacobi function P§“'ﬁ ) satisfying the Jacobi

equation equation
(1-220" +[B—a—(a+ 08+ + MA+a+f+1u=0
can be written in terms of the hypergeometric function

In+a+1) 1—z
PR — F(-MA+oa+fa+1;—=
A C(n+ Dl(a + 1) (FAA+atfatli—=)

When A = n a non-negative integer the the solution becomes Jacobi polyno-
mials containing the Legendre, and Tchbechev polynomials.

7. Prove that when the regular singular points z = 2 and zz of the Rie-
mann equation are pushed out co then the resulting function function is the
confluent hypergeometric function ®{(a,c; z) in

8. Prove that ®(a,c, z) = limy .o, F{a,b;¢; %)

9. Prove that the confluent hypergeometric function satisfies the DF

zu"+ (c—2)v —au=10 (12)

10. Prove that the point z = co of the confluent hypergeometric equation
(12) is an irregular singular point.



11. Find solutions of the confluent hypergeometric equation about all it
regular singular points. The form of the equation is of the form

u(z) = A®{a, ¢z} + B2 00, d, ¥ 2)

where A and B are arbitrary constants. Find the constants o/, ¢ and b’
12. Prove that Bessel’s function J,(z) satisfying the Bessel equation u" +
o'+ (1— :;)u. = () is given by

Jo(2) = (2/2)" ®(v + 1/2,20 1 1;2i2)

v
(v +1)
13. Prove that
d” Ma+n)I(b+ n)(e)
la, b, ¢ z) =
(a) 1 ,C, z) P(Q)F(b)f‘(c _{_ n)

Fla+n,b+nc+n z)
dz"

Use induction.

14. Prove the following:

(1) F(—a,bib—z) — (14 2)8,
(iiy F(1,1;2;—2) = L In{1 + 2),

(ili) F(3,3;3;2%) = 1sin™' 2,
(iv)
5 df
L2 f2 _—,
2°2 T Jo V1 2%sin?0

(v) e = limpoo £((1,0,1, %)
{vi) The error function

o0 f2
Erf(z) = f e dt
0
15. Prove that the Hermite-Weber differential equation
1 1
w4+ (v + 5~ Zzz)u =0
can be converted to the confluent hypergeometric equation by
2
z

u@) =e T ue), =%

with

v(€) = &(-v/2,1/2;¢)




